In this article, we develop a technique to "split" certain types of partially ordered sets into simpler ones and use that technique to give a partial answer to a conjecture by R. Wiegand and S. Wiegand on the structure of semi-local, two-dimensional Noetherian spectra in their exposition on Noetherian prime ideals. Specifically, we show that very many two-dimensional posets with finitely many height two nodes that satisfy the necessary conditions of being the spectrum of a Noetherian ring, along with a very mild cardinality assumption, are in fact the spectrum of a Noetherian ring.
Introduction
It is a wide-open question, originally posed by I. Kaplansky, as to which partially ordered sets (posets) arise as the spectrum of a commutative Noetherian ring. There have been many remarkable results and interesting insights in this area, and we refer the reader to a beautiful exposition written by Roger Wiegand and Sylvia Wiegand [8] . In 1983, S. Wiegand [9] expanded and refined techniques developed by R. Heitmann in [3] and A. Doering and Y. Lequain in [1] to completely classify all countable, 2-dimensional, semi-local (finitely many maximal prime ideals) Noetherian spectra with a single minimal node. Left open were the cases where the spectra had several minimal prime ideals or were large in cardinality. It is these two issues that are of concern to us herein.
En route to the discovery of our main theorem, stated below, we needed to develop a convenient notion for those posets U that have a chance at being the spectrum of a semi-local, two-dimensional Noetherian ring. For example, it is trivial that U must satisfy ACC on its nodes since the set of all ideals in a Noetherian ring satisfies ACC. As another example, any candidate poset U must obviously only have finitely many minimal nodes since any commutative Noetherian ring has only finitely many minimal prime ideals. Other conditions exist on U as well, and they are usually derived by invoking the prime avoidance lemma or using the altitude theorem. We discuss those conditions in much greater detail in section 4, and we call any such candidate poset whose dimension is at most two a K-poset. If M is any height two node and m is any height zero node in a K-poset U such that M > m, define [M/m] to be all height one nodes u in U such that u is exceeded only by M and exceeds only m. If the cardinality of [M/m] is either zero or agrees with the cardinality of U for all such pairs M, m, then we call U a proper K-poset. Although this restriction looks a bit strong, it is actually rather mild in the sense that proper K-posets show up rather naturally; for example, if R = k[x 1 , . . . , x n ] for n ≥ 2 and P, Q are two height two prime ideals of R, then Spec R P ∪Q is a proper K-poset. Our main theorem is thus stated: Theorem 1.1. Every proper K-poset is the spectrum of some commutative Noetherian ring.
This theorem classifies a large collection of semi-local, two-dimensional Noetherian spectra, and it leaves only unusual K-posets not satisfying the mild cardinality restriction outside the scope of our approach. In fact, proper K-posets are only required to have finitely many height two nodes and we thus obtain spectra with infinitely many height one maximal prime ideals as part of our classification. It also offers a full resolution of the countable case of a conjecture on the structure of all semi-local, two-dimensional Noetherian spectra [8, Conjecture 1.4 ].
Our approach is quite intuitive, and it is largely inspired by the techniques developed in [1] . Given a proper K-poset U, we seek to "unravel" it into simpler pieces with simple inclusion relations. Outside of defining what it means to make a poset simpler, the main issue that presents itself here is to define what it means to have easy inclusion relations. In sections 4 and 5, we develop a notion of splitting a poset at a maximal node (much like splitting a prime ideal via an integral extension) and we describe and classify the proper K-posets that are, in a sense, the simplest one can hope to have (see Theorem 5.2) . We call these atomic posets simple K-posets, and we show that it is enough to realize those posets as spectra of Noetherian rings in order to prove Theorem 1.1.
In section 7, we show that if U is a proper, simple K-poset, then we can find a Noetherian ring R 0 such that U embeds into Spec R 0 in the sense that they are almost identical, save for perhaps different sizes of certain equivalence classes of nodes. For example, perhaps U has only two maximal nodes m, n, both height two, with only height one node u dominated by them both, and maybe the corresponding maximal prime ideals M, N in R 0 have infinitely many height one prime ideals contained in M ∩ N. In a similar fashion to how S. Wiegand proceeded in [9] , we show, in section 8, that we can nevertheless find a Noetherian ring S ⊇ R 0 such that the equivalence classes in Spec S have the right size and everything else is otherwise preserved; that is, U ∼ = Spec S.
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Basic Definitions and Notation
Throughout this paper, all rings will be commutative with unity. If f : A → B is a map of rings, and I is an ideal of A, we will write IB for the ideal I e , and if J is an ideal of B, we will write J ∩ A to denote the ideal J c . Let U be a poset. We define dim U to be the supremum of the lengths of the chains of nodes in U. If V is another poset, we say ϕ : U → V is a poset map iff ϕ(x) ≤ ϕ(y) whenever x ≤ y. We say ϕ is order-reflexive iff x ≤ y whenever ϕ(x) ≤ ϕ(y). Any order-reflexive map from U onto V is called an isomorphism of posets. If A ⊆ U is a nonempty subset of nodes, we define mub A = min{u ∈ U : u ≥ a for all a ∈ A.}. Similarly, we define Mlb A = max{u ∈ U : u ≤ a for all a ∈ A.}.
If u ∈ U, we define G(u) = {v ∈ U : v ≥ u}, and we define L(u) = {v ∈ U : v ≤ u}. We define
We define the height of a node u ∈ U to be ht u = dim L(u), and we will let H i be the set of nodes of height equal to i.
Let B, C ⊆ U. We define [B/C] to be all nodes u ∈ U such that G(u) * = B and L(u) * = C. We usually call this an intersection class of U, and if either B = {b} is a singleton (resp. C = {c}) we will usually write
A path (γ t )
2 if u, v are distinct nodes in min U, then mub{u, v} is finite; and 3 whenever u > v > w for some v ∈ U, then [u/w] is infinite.
Additionally, if for any maximal node u and minimal node w we have
Note that we do not place a restriction on the number of height one nodes, and it is quite possible for the set of maximal nodes of U to be infinite. We now provide numerous examples of interesting K-posets. Theorem 4.2. Let R be a Noetherian ring with dim R = 2 and for which there are only finitely many prime ideals of height two. Then Spec R is a K-poset.
Proof. Items 1 and 2 are clear.
Item 3: Assume that we have proven Spec R is a K-poset for all Noetherian rings R for which M ∈ Spec R is maximal iff ht M = 2. Let R ′ be any Noetherian ring satisfying the conditions of the theorem. If dim R ′ ≤ 1, then there is nothing to show. If dim R ′ = 2, then localize at the union of all prime ideals of height two to form a new Noetherian ring R. If P P ′ P ′′ for some primes P, P ′ , P ′′ in R ′ , then ht P = 2 and thus survives the localization to R. In particular, P R P ′ R P ′′ R and thus
′ is infinite and Spec R ′ is thus seen to be a K-poset. We therefore need only prove the result for Noetherian rings R for which every maximal prime ideal of R has height two.
Assume R is indeed such a ring, and let H Spec R be the set of all minimal prime ideals of R, along with all those height one prime ideals P of R for which P dominates at least two different minimal primes of R. Assume there is a chain Q Q
. . , M n be an enumeration of the maximal prime ideals of R. Choose x ∈ Q \ n i=2 M i P ∈HSpec R ∪[Q/Q ′′ ] P by the prime-avoidance lemma. Define I = (Q ′′ , x). Since I/Q ′′ is principal and R/Q ′′ is Noetherian, the altitude theorem implies that there exists a prime ideal
In particular, ht Q * = 1 and of course G(Q * ) * = Q. Suppose Q * ⊃ W for some minimal prime ideal W = Q ′′ . Then Q * ⊇ Q ′′ + W and thus Q ∈ H Spec R , conflicting with our choice of x. Thus L(Q * ) * = Q ′′ as well, and consequently Q * ∈ [Q/Q ′′ ] which is contrary to our assumptions. Definition 4.3. Let V be a poset containing a maximal node m of positive height. We say a poset U is a splitting of V at m provided there exists a finite nonempty subset M ⊆ max U of nodes of positive height and a surjective poset map ϕ : U → V satisfying the following conditions:
If U is a splitting of V at m with map ϕ, then we call ϕ a splitting map from U to V.
We wish to emphasize that we only split nodes m of positive height, and if U is a splitting of V at m, then M may not contain any height zero nodes. 
Proof. If dim V < 2, then so is dim U by Lemma 4.4, and therefore U is a proper K-poset in that case. Now assume dim U = dim V = 2. Observe that the properties of splitting maps force |U | = |V |, | min U | = | min V | < ∞, and |H U 2 | < ∞. Moreover, if u, v ∈ min U, then mub{u, v} is finite since otherwise mub{ϕ(u), ϕ(v)} ∩ H 1 ⊆ V would be infinite which contradicts the assumption that V is a K-poset. Properties 1 and 2 of the definition of a proper K-poset are thus verified for U. At this stage, one need only enlarge deficient classes of the form [a/c] to turn U into a proper K-poset. The details are mundane but straightforward.
If V is a poset with a single maximal node m, we will define a quantity d V (m) to measure how complicated H V is.
The next theorem shows that if V is a proper K-poset with a single maximal node m such that d V (m) > 1, then we can find a new proper K-poset U that splits V and has much simpler inclusions with respect to d. 
Enumerate the elements of Λ V as a 1 , . . . , a n . Let M be any set of n elements disjoint from V enumerated as m 1 , . . . , m n . Define W := V \ {m} ∪ M. We place an order relation on W. First declare u ≤ W u for all u ∈ W, and let V \ {m} inherit its order from V. If m i ∈ M and x ∈ W, set m i ≤ W x iff x = m i . We thus only need to relate the set M to V \ {m} in a sound manner. Suppose v ∈ V \ {m} and m i ∈ M. Note that ht W v ≤ 1. We will use the set L V (v) ∩ Λ V to determine how to relate v to m i . Either it is empty or not. If it is nonempty, then the previous paragraph implies that L V (v) ∩ Λ V = {a j } for some a j ∈ Λ V . In this case, we declare v ≤ W m i iff i = j. If it is empty, we claim that v dominates exactly one minimal node
We claim these relations turn W into a poset. We need only check transitivity since the other relations are clear. Assume a < b < c, and not all three belong to V \ {m}. If c = m i for some i, then a, b ∈ V \ {m} and satisfy a < V b.
Since b dominates at least two minimal nodes in W, the same must be true in V, and we see that in fact
In this case, x = a j for some j, and since
Since each u ∈ W is dominated by some m i ∈ M, the second property of splitting maps is surely satisfied and it is easy to see that ϕ ′ is a splitting map turning W into a splitting of V at m. By Lemma 4.6, there exists a proper K-poset U ⊇ W with |U | = |V |, H U = H W , ϕ ′ = ϕ on H W , and for which U is a splitting of V at m with splitting map ϕ.
5. Simple K-posets and Classifications
Let α be a cardinal number. We define three kinds of posets. If V = {x} with the trivial order relation
is said to be an α-fan. Now let k be a positive integer, let α 1 , . . . , α k be k disjoint sets of cardinality α, and let m, t, t 1 , . . . , t k be k + 2 separate elements.
We put an order relation on V. The nodes t 1 , . . . , t k will be minimal nodes of V.
The following familiar poset T is an ℵ 0 -tent:
proper K-poset with a single maximal node m, then V is either a point, a 1-fan, or a β-tent for some cardinal number β.
Proof. If V is either a point or a fan, then V is simple. In the former case, there is nothing to prove, and in the latter case clearly
Since V has only one minimal node, it follows that
It is clear that no other node in V can belong to Λ V , and therefore d V (m) = 1 in the case where
Now assume V is a simple poset with a single maximal node m. If dim V = 0, then V is clearly a point.
V is empty for all a ∈ min V. In particular, | min V | = 1 and V must be a 1-fan.
proper K-poset. In this case, q is the unique minimal node of V. Assume k > 1. We first show that q cannot be minimal. Assume the contrary, and write q = t j for some 1 ≤ j ≤ k. Since ht q = 0, we must have that H 1 ∩ H * V is empty. Since k > 1, there exists t j ′ different from q, and both G(t j ′ ) and G(q) must vacuously miss H 1 ∩ H * V . However, this forces |Λ V | ≥ 2, which contradicts simplicity. In particular, ht q = 1. Since V is simple, no other height one node belongs to H * V , and it follows that any node q ′ dominating at least two minimal nodes of V must coincide with q. In particular, if t l < q for some l, then G(t l ) must miss H 1 ∩ H * V which implies |Λ V | ≥ 2. Therefore, t l ≤ q for all 1 ≤ l ≤ k, and since V is a proper K-poset, we see that [m/t l ] has β nodes for all 1 ≤ l ≤ k. V is thus seen to be a β-tent.
Notice that the minimal upper bound information in tents, fans and points is quite easy to understand. This is attractive to us because if we can reduce the spectra we need to construct to such "simple" posets, then we would not ever be required to find Noetherian spectra with hard minimal upper bound sets.
be a chain of proper K-posets for which V i is a splitting of V i−1 at some maximal node n i ∈ V i−1 for all i ≥ 1, and ϕ i : V i → V i−1 is a splitting map. We call V a simplifying chain of V. If there exists ℓ ≥ 0 for which V ℓ is simple, we refer to V ℓ as a simplification of V.
We aim to show that every proper K-poset has a simplification. Note that Theorem 4.8 accomplishes this in the case where V has a single maximal node m. In order to accomplish this in general, we will need a lemma that allows us to extend splittings of subposets of V to the whole of V.
Lemma 5.4. Let X, Z be posets and let f be a poset map from X to Z such that whenever x ∈ X, we have
Then there exists a poset Y ⊇ X and a surjective poset map g : Y → Z for which the following statements hold:
1 We have
and f is a splitting map from X to f (X), then g is a splitting map from Y to Z.
Note that we have a natural surjective set map g : Y → Z which is given by 
In particular, b ∈ f (X) and b / ∈ f (X), a contradiction. It follows that ≤ Y is reflexive and anti-symmetric. We now prove that ≤ Y is transitive. First, we make a brief observation. If u ≤ Y v, and v ∈ X then u ∈ X as well. If u / ∈ X, then u ∈ Z \ f (X) and
, which is a contradiction. Therefore, u ∈ X. Consequently, if a ≤ Y b ≤ Y c, and either c ∈ X or a / ∈ X, then transitivity is immediate. Therefore, assume a ∈ X and c / ∈ X. If b ∈ X, then we must obtain f (b) ≤ Z c by definition of the order relation on Y, and since f : X → Z is a poset map, we must also
Since Z is a poset, we have f (a) ≤ Z c in Z, and therefore a ≤ Y c again by the order relations.
which is nonsense since f (n) ∈ max Z. The second part of item 2 follows from the first part of the previous paragraph which asserts, in our case, that
Item 3: Suppose f is a splitting map from X to f (X) for some m ∈ max f (X) ⊆ max Z. Let M ⊆ X be the set of maximal nodes of X that agree under f. It is clear that M ⊆ max Y and g −1 (m) = M. Moreover, if z ∈ Z, then it is the image of exactly one node from Y, unless z = m, since f is a splitting map, and g is the identity outside of X. Now we show that g has the required lifting property of splitting maps. Assume
′ and b 2 is not, then upon choosing a 2 for which g(a 2 ) = b 2 we see that a 1 ≤ Y a 2 automatically by definition of the order on Y. 
Proof. This is a straightforward consequence of the splitting properties of ϕ. 
. In particular, if e(U ) is the number of maximal nodes n of a proper K-poset for which d LU (n) (n) > 1, then e(V 1 ) < e(V ). An induction on e(V ) will therefore obtain the desired result. 
We now construct an isomorphism from Spec L onto V. For every P ∈ Spec L, let π(P ) be any choice of lifting into Spec R. Define τ : Spec L → V to be τ (P ) = ϕρπ(P ). Note that if π(P ) = π(Q), then π(P ), π(Q) ∈ M, and therefore ϕ(ρ(π(P ))) = ϕ(ρ(π(Q))) = m. That is, τ is well-defined as a map of sets. Now we show τ is a poset map with all the required properties. If P ⊆ Q in Spec L, and Q = M, then "Theorem A" implies that there is only one choice of lifting of P and Q into Spec R, and thus τ (P ) ≤ τ (Q) is immediate. If Q = M, then π(P ) ⊆ N for some N ∈ M, and consequently ϕ(ρ(π(P ))) = τ (P ) ≤ m = τ (Q). Now assume τ (P ) ≤ τ (Q) in V. If τ (Q) = m, then the lifting property of splitting maps ensures that ρ(π(P )) ≤ ρ(π(Q)) and therefore π(P ) ⊆ π(Q) since ρ is an isomorphism. This of course implies that P ⊆ Q. If τ (Q) = m, then Q must coincide with M, and we must have π(P ) ⊆ N ′ for some N ′ ∈ M. In this case, P ⊆ N ′ ∩ L = M = Q still. Therefore, τ is an order-reflective poset map. That τ is onto is clear.
Lemma 6.2. Let R be a Noetherian ring, and suppose there exists a set B of β elements of R for which u − v is a unit of R for all u = v ∈ B. Let {P λ } λ∈Λ be a set of α prime ideals of R, and assume that I ⊆ λ∈Λ P λ for some ideal I of R. If α < β, then I ⊆ P γ for some γ ∈ Λ.
Proof. The proof of this lemma is almost identical to the proof of [5, Lemma 14.2].
Consequently, if a Noetherian R contains a field k of cardinality β, then we may set B = k and apply Lemma 6.2 to avoid sets of α prime ideals for α < β.
We wish to significantly reduce the problem of classifying proper K-posets to that of classifying proper, simple K-posets with finitely many maximal nodes. The reduction to the case where there only finitely many maximal nodes is a fairly straightforward matter. Indeed, if U is any proper K-poset, then there exists a proper K-poset U ′ ⊇ U with finitely many maximal nodes and satisfying
for some Noetherian ring R ′ , we see that a suitable localization S −1 R ′ of R ′ will give Spec S −1 R ′ ∼ = U. The next result gives us the rest of our desired reduction. Theorem 6.3. If all proper, simple K-posets of cardinality β and | max U | < ∞ are realizable as the spectrum of a commutative Noetherian ring with common residue field k for some field k, then all proper K-posets of cardinality β with | max U | < ∞ are realizable as the spectrum of a Noetherian ring with common residue field k.
Proof. Let V be a proper K-poset with finitely many maximal nodes. Then V has a simplification V ℓ into a proper, simple K-poset with finitely many maximal nodes by Theorem 5.6. Realize V ℓ as the spectrum of a suitable commutative Noetherian ring R with common residue field k. Then, by Theorem 6.1 we see that V ∼ = Spec S for some subring S ⊆ R. By property "c" of [1, Theorem A], all the residue fields of S are still k and the result is proved.
Embedding K-posets into Noetherian spectra
We begin working to show that if U is any proper, simple, connected K-poset then there is a Noetherian ring for which U embeds into Spec R in a strong sense: the map ϕ will induce an isomorphism from H U onto H Spec R , and send max U onto max Spec R. Moreover, it will send classes of the form [M/u] into classes of the form [ϕ(M)/ϕ(u)].
Lemma 7.1. Let R be a Noetherian domain containing an infinite field k of cardinality β, and let X be a set of indeterminates of cardinality β. Let M 1 , . . . , M n be maximal prime ideals of R of height two. If 1 ≤ l ≤ n is any integer, and X ′ ⊂ X is any subset of indeterminates, and x t / ∈ X ′ is another indeterminate, then there are β finitely generated height one prime ideals
Proof. The proof of this lemma is similar to the proof of [6, Lemma 2] . The first observation we make is that if a ∈ R[X ′ ], then there are only finitely many height one prime ideals in R[X ′ ] containing a. To see this, choose a finite subset F ⊆ X ′ for which a ∈ R[F ]. Then R[F ] is Noetherian and of course there are only finitely many height one prime ideals P 1 , . . . , P w containing a. If P is any height one prime ideal of R[X ′ ] containing a, then P ∩ R[F ] contains a. If ht P ∩ R[F ] > 1, then there is a finitely generated prime ideal P ′ whose height is greater than one and satisfies P ′ R[X ′ ] ⊂ P. By [7, Lemma 7] , we have ht P ′ R[X ′ ] > 1, which conflicts with ht P = 1. In particular, ht P ∩ R[F ] = 1 and P is easily seen to be extended from R[F ].
Choose nonzero f in
and outside the minimal prime ideals of f in R[X ′ ] of which there are only finitely many by the above argument. For each a ∈ k × , set z a = f x t + ag. Note that z a is not in
We claim that there is a height one prime ideal
, we have formed by [7, Lemma 7] a Noetherian ring of Krull dimension 2. In particular, z a lies in a height one prime ideal Q ′ a extended from a height one prime ideal Q a in R[X ′ , x t ] contained in the union of the prime ideals
Clearly Q a is outside of n j=l+1 M j since z a is not in that union. We thus need to show that Q a is the only height one prime ideal containing z a . We show
, then it has height one. To see this, localize at any of the
Since f x t + ag ∈ Q a , this means that f, g ∈ Q * by definition of ideal extension, which contradicts our choice of f, g above. In particular Q a contracts to zero and survives the localization to K[x t ] where K is the fraction field of R[X ′ ]. Just as in [6, Lemma 2], the only prime ideal so surviving is clearly (
To close the proof, we just need to check that we have generated β prime ideals in
, which is an absurdity.
Theorem 7.2. Let U be a proper, simple, K-poset of cardinality β such that | max U | < ∞. Let k = k ′ (T ) where T is a set of β indeterminates over a countable field k ′ of characteristic zero. There exists a commutative Noetherian ring R and poset embedding ϕ : U → Spec R for which the following items hold: 1 R is a k-algebra with |R| = |k| = β, and all the residue fields of R are k; 2 ϕ is height-preserving and induces an isomorphism from H U onto H Spec R ; Proof. It suffices to assume U is connected. Enumerate the minimal nodes of U as u 1 , . . . , u n .
Assume n = 1. Enumerate the maximal nodes of U as m 1 , . . . , m | max U| . For each m i ∈ max U, choose a prime ideal P i of S = k[x, y] such that both ht P i = ht m i and the fraction field (S/P i ) 0 is isomorphic to k; note that if ht m i = 1 for some i, then P i = (x − i) works as a choice since i ∈ k ′ , S/P i ∼ = k[y] and the fraction field of k[y] is isomorphic to k = k ′ (T ). As the characteristic of k ′ is zero, we do not have to worry about any two choices (x − i) and (x − j) coinciding unless i = j. Since all the fraction fields of S/P are k, it follows that the residue fields S P /P S P of the local rings S P are k.
Enumerate the chosen prime ideals as P 1 , . . . , P | max U| . Adjoin an indeterminate z to S to form S[z]. Localize at the union of the prime ideals n i=1 P i S[z] to form R, and let ϕ : U → Spec R send min U to (0), and m i to P i R. In order to prove the theorem in this case, we need to define ϕ on nonempty classes of the form [M/u 1 ]. Write M = {m i1 , . . . , m ia }. By Lemma 7.1, there are β prime ideals residing in [P/(0)] where P = {P i1 R, . . . , P ia R}. In particular, we may arbitrarily send [M/u 1 ] into [P/(0)] via a suitable injection. Since H U = {u 1 }, the map trivially satisfies all the necessary properties stated in the theorem.
Let M HU be the set of all maximal nodes of U such that m ≥ h for some h ∈ H 1 ∩ H U , and for each u i ∈ min U, let M ui be the set of all m ∈ max U such that L(m) ∩ min U = {u i }; in other words, M ui consists of those maximal nodes of U that dominate only one minimal node in U, namely u i . We make an important observation about M HU . If m ∈ M HU and h is an element in H 1 ∩ H U such that m ≥ h, then h is unique. Otherwise Λ LU (m) would contain at least two elements, contradicting the simplicity of U.
Write a = |M HU |,
Notice that max U is partitioned into M HU and n i=1 M ui , since if m ∈ max U and does not belong to any M ui , then it must dominate more than one minimal node. If ht m = 1, then m ∈ H U , a contradiction. Otherwise, if ht m = 2, then since U is simple we have that L U (m) is a β-tent and must therefore dominate some satisfying R 0 /q ∼ = k for all q ∈ max Spec R 0 . By Theorem 6.1, there exists an isomorphism ϕ HU between H U and the spectrum of some Noetherian subring R 1 ⊆ R 0 satisfying R 1 /q ∼ = k for all q ∈ max Spec R 1 . As an additional important note, part "c" of [1, Theorem A] implies that (R 1 /p) 0 ∼ = (k[x]) 0 ∼ = k for all minimal prime ideals p of R 1 by choice of our rather large field k.
Let R 2 = R 1 [x, y], and enumerate the elements of M HU as m 1 , . . . , m a . What we will do is choose prime ideals of R 2 that shall correspond to those in M HU under a map ϕ we have yet to define. Indeed, each m i dominates some unique h j for 1 ≤ j ≤ c. Set P i = (ϕ HU (h j ), x − i)R 2 . Note that we have (R 2 /P i ) 0 ∼ = k. Now fix 1 ≤ i ≤ n, and consider the set M ui . Enumerate the elements of it as m
. By the note at the end of the preceding paragraph, note that R 1 /(ϕ HU (u i )) ∼ = k so that, similar to previous reasoning, (R 2 /P (j)
Adjoin an indeterminate z to R 2 , and let R be the localization of R 2 [z] at the union
. Note that all the residue fields of R are k by construction, and of course |R| = |k|. Apply Lemma 7.1 to our chosen extended prime ideals and R 2 . This establishes property 1.
Define a map from U to Spec R as follows. If u ∈ max U, then simply define ϕ(u) to be P R where P is the maximal prime ideal we picked to correspond to u in the previous paragraph. P was chosen to survive the localization, and thus P R ∈ max Spec R. If u ∈ H U , define ϕ(u) = ϕ HU (u)R. Since ϕ HU (u) is contained in a prime ideal P surviving the localization, it follows that ϕ HU (u)R ∈ Spec R. If u ∈ U and resides neither in H U nor max U then ht u = 1 and there exists a nonempty subset N ⊆ max U for which G(u) * = N. Moreover, since u / ∈ H U , it follows that L(u) * cannot have more than one element in it and thus is equal Checking that ϕ has all the required properties is straightforward.
Proof of Main Result
Given a proper, simple K-poset U, Theorem 7.2 provides a commutative Noetherian ring R for which U embeds into Spec R in a very nice way. Of course, Spec R need not be isomorphic to U, but the only reason that U and Spec R are not isomorphic is because some class [M/u] is strictly smaller than [ϕ(M)/ϕ(u)]; that is, if U, ϕ and Spec R satisfy the conclusions of the lemma with the additional property that
, then there must exist an isomorphism ψ from U onto Spec R. In order to realize U , then, our work is thus reduced to removing prime ideals from intersections in a certain sense. S. Wiegand found herself in a similar position in [9] , and it is from there that we find much of our intuition throughout the rest of this paper.
Lemma 8.1. Let R be a reduced Noetherian ring with finitely many maximal prime ideals M 1 , . . . , M n . Suppose T 1 , . . . , T n are reduced faithfully flat extensions of R with common total quotient ring Q for which P T i is a prime ideal for all prime ideals P of R and
If each R i is Noetherian and T i ⊆ S, then the following statements hold: 1 If Q S is the total quotient ring of S,
3 If J is an ideal of S and there is i for which
4 S is Noetherian and the map Q → QS sends maximal prime ideals in R onto maximal prime ideals in S and minimal prime ideals in R onto minimal prime ideals in S. Moreover,
Proof. Item 1: If t ∈ Q S , then t = a/b for a, b ∈ S and b a non zero divisor S. Since S ⊆ R i ⊆ Q, we may write
′ cannot be a zero divisor of T i since b is not a zero divisor of S and therefore
Therefore a/b ∈ Q S and Q = Q S as desired. Item 2: Let N be a maximal prime ideal of S, and let x ∈ N. If x is invertible in each R i , then x must be invertible in S = n i=1 R i . Therefore, there exists R i for which xR i R i for some i. If x / ∈ M i R i ∩ S, then x ∈ pR i for some minimal prime ideal p ⊆ M l of R. In particular, x ∈ pQ and since Q is the total quotient ring of T l and R l ⊆ Q, we see that x ∈ pQ ∩ R l = pR l ⊆ M l R l . As x ∈ S, it immediately follows that x ∈ M l R l ∩ S. In particular, N ⊆ n i=1 M i R i ∩ S and seeing as N is a maximal prime ideal of S, we have by the prime-avoidance lemma that in fact N = M i R i ∩ S for some i. To check that each M i R i ∩ S is a maximal ideal in S, note that otherwise we would have
• Mj Rj ∩S then x = a/b is a ratio of elements in S where b is not in any of the minimal prime ideals of S, and not an element of M j R j ∩ S. Since S ⊆ R j and Q = Q S , we see that b cannot be in any of the minimal prime ideals of R j and certainly cannot reside in M j R j . Therefore a/b ∈ R j as desired. Conversely, if x ∈ R j , then x = c/d for c, d ∈ T j but not in M j T j nor any of the minimal prime ideals of T j . Again invoking the fact that Q = Q S , we see that d cannot lie in any of the minimal prime ideals of S, and of course d / ∈ M j R j ∩ S so that c/d ∈ S
• Mj Rj ∩S . It follows that all the localizations at maximal prime ideals N of S coincide with some (R i ) MiRi .
Item 3: To show that (JR i ∩ S)S N ⊆ JS N for all maximal prime ideals N of S, we need only show that
and since we are assuming JR i ∩ S ⊆ JR j ∩ S, it follows that (JR i ∩ S)(R j ) Mj Rj ⊆ J(R j ) Mj Rj as desired.
Item 4: Since S is locally Noetherian and it has only finitely many maximal prime ideals, it follows that S is Noetherian by a result of Nagata; see [2, Exercise 9.6] . If M i ∈ max Spec R, then it immediately follows that M i S = M i R i ∩ S upon applying item 3; indeed M i R i ∩ S ⊆ M j R j ∩ S = S for all j = i. Now assume p ∈ min Spec R. Let 1 ≤ j ≤ n. Now pR j is a minimal prime ideal of R j and since Q is a localization of R j preserving pR j , we see that pQ ∩ R j = pR j . Therefore, pR i ∩ S ⊆ pQ ∩ S ⊆ (pQ ∩ R j ) ∩ S = pR j ∩ S. Therefore pR i ∩ S = pS by item 3 and we see that pS is thus a prime ideal. It is a minimal prime ideal in S since R i is a localization of S and pR i is a minimal prime ideal of R i . Conversely, we see that all minimal prime ideals of S must have the form qS for some minimal prime ideal q of R since all of the minimal prime ideals in S must be a contraction of a minimal prime ideal from R i . The final part of item 4 follows from basic localization properties, the altitude theorem, and the faithful flatness assumption.
We now make an observation about the cardinality of a Noetherian ring as it relates to the cardinalities of its residue fields. This lemma is a very mild refinement of [4, Lemma 2.1].
Lemma 8.2. Let R be any commutative semi-local Noetherian domain of dimension two, and let M be any maximal prime ideal of R. If ht M = 2, then
Proof. Enumerate the maximal prime ideals of R as M 1 := M, M 2 , . . . , M n . Let {z α } be a system of representatives for R/M. Choose any nonzero g ∈ n i=1 M i , enumerate the minimal prime ideals over g as
∈ M i for any 1 < i ≤ n. Consequently, if w α ∈ P, then the only maximal prime containing P must be M ; that is, P ∈ [M/0]. Moreover, no two w α may reside in a common height one prime ideal by our choices of f and g. The altitude theorem guarantees a height one prime ideal P α containing each w α , and consequently For the third inequality, note that the set of all nonempty finite subsets of R has the same cardinality as R. Since R is Noetherian, the map sending a nonempty finite set F to the ideal (F ) in R is surjective, and it follows that the set of all ideals in R has cardinality not greater than R. Therefore | Spec R| ≤ |R|.
The last inequality follows from the statement of [4, Lemma 2.1].
Lemma 8.3. Let Λ be an infinite well ordered set of cardinality β with the property that |S(a) * | < β for all a ∈ Λ. If X ⊆ Λ is any nonempty subset of Λ of cardinality β, then X may be expressed as a disjoint union of β sets X a indexed by a ∈ Λ in such a way that |X a | = β and min X a ≥ a for all a ∈ Λ.
Proof. For simplicity, assume min Λ = 0. Let X be a collection of β subsets of X of cardinality β such that the intersection of any two is empty and their union is all of X. For each w ∈ X, let T w be the unique set in X containing w. Let x be the least element of X, and define X 0 = T x . Let a ∈ Λ, and assume that we have defined X a ′ for all 0 ≤ a ′ < a in such a way that min X a ′ ≥ a ′ . Since |S(a) * | < β, we must have only defined fewer than β sets. In particular, |X \ {X a ′ : 0 ≤ a ′ < a}| = β. Let Y be the set of all elements y ′ ∈ X such that y ′ is the least element of some set in X \ {X a ′ : 0 ≤ a ′ < a}. Since the latter set has cardinality β, it follows that |Y | = β. In particular, if y ′ < a for all y ′ ∈ Y, then |S(a) * | = β, a contradiction to our assumption about Λ. Therefore, some element y ∈ Y must satisfy y ≥ a. Relabel T y as X a .
We have inductively created β sets X a of cardinality β such that min X a ≥ a for all a ∈ Λ. If X = a∈Λ X a , then we are done. Otherwise, if X = a∈Λ X a , then the set X ′′ = X \ a∈Λ X a has least element z. Declare X We now begin the proof of Theorem 8.4. The proof is largely inspired by the proof of [9, Proposition 1]. Let Λ be any set of cardinality β, and place a well order on Λ with least elements 0, 1 so that if t ∈ Λ, then |S(t) * | < β. Note that Λ does not have a greatest element. Let X be a set of indeterminates over R indexed by Λ. For each x ∈ R[X], let F x be the set of height one prime ideals minimal over x. Note that |F x | is finite for all x ∈ R[X].
Enumerate the classes [M/Q] ⊂ Spec R with |M| ≥ 2 and
Note that this is an enumeration of large classes, and some of the minimal prime ideals Q j of R may appear more than once or not at all.
Assume that we have not enumerated all the classes since otherwise we can simply take S = R and be done. 
Let D be the set of height one prime ideals P of R[X] for which one the following conditions are met:
and R is Noetherian, every height one prime ideal of R[X] is finitely generated. In particular, |D| ≤ β. Since we are assuming we have not enumerated all of the classes, some α [N/P ] < β = |[N/P ]|. Seeing as all the prime ideals in that class extend to R[X], we must have β ≤ |D| as well so that in fact |D| = β. Enumerate the prime ideals in D as {P t } t∈Λ . Note that any prime ideal P t in our enumeration has fewer than β predecessors by choice of Λ.
We now begin the rather delicate process of choosing elements in R[X] to form a set J * that will be used to split prime ideals in D. For each t ∈ Λ and 1 ≤ i ≤ n, we will define a set K t i ⊂ L i . We start with the base step t = 0. Choose arbitrarily one element from each L i to form a one element set K Define J 0 = {1, y P0 }; we include the element 1 in our set to ensure J 0 ∩ R is nonempty, a property we will need later. This completes the first step. Now assume t ∈ Λ is positive and for each s < t we have chosen sets K 
Define J t = {y Pt } s<t J s . It is easily shown that our choices of Q t i , K t i , y Pt and J t satisfy conditions 1-4. Set J * = t∈Λ J t and K i = t∈Λ K t i . We are now ready to begin forming our desired ring S. First note that X trivially inherits a partial ordering given by x t ≤ x s iff t ≤ s ∈ Λ. Define R 0 = R, R 1 = R[x 0 , x 1 ]. Let t > 1, and having defined R s for all s < t, define R t = ( s<t R s )[x t ]. Of course, R[X] = t∈Λ R t . Express X as a disjoint union of sets X 1 , . . . , X ℓ such that X i has cardinality β for all 1 ≤ i ≤ ℓ. Fix i, and use Lemma 8.3 to write each X i as a disjoint union indexed as X a i for a ≥ 0 in such a way that min X a i ≥ a for all a ∈ Λ. For each i, we will carefully choose a surjective set map from σ i : X i → J * that will have the property that whenever x t ∈ X i for some t ∈ Λ \ {0}, then σ i (x t ) ∈ R t ′ for some t ′ < t. Choose any surjection σ * ∩ R c ′ for all c ∈ Λ, there is a naturally defined set map σ i from X i onto J * . If x t ∈ X i , then x t ∈ X u i for some u. In particular, t ≥ u by Lemma 8.3 and σ i (x t ) is either in R or R u ′ where u ′ is an immediate predecessor to u. If σ i (x t ) ∈ R := R 0 , then of course σ i (x t ) ∈ R t ′ for some t ′ < t since t > 0. Otherwise, σ i (x t ) ∈ R u ′ with u ′ < u ≤ t, and the desired placement of x t still holds. Let Y j := {σ j (z)/z : z ∈ X j }, Y := ℓ j=1 Y j . Set T j := R[X \ X j , Y j ] and S j = (T j )
• Mj Tj . Define S := ℓ j=1 S j . Note that each S j is Noetherian by [7, Lemma 7] . We now show that S is our desired ring. Proof. We argue by induction that R[X] ⊆ S, and then we use that result to show that R[X, Y ] ⊆ S. Clearly R 0 ⊂ S. Let t > 0, and assume that we have shown R s ⊂ S for all 0 ≤ s < t. Let 1 ≤ j ≤ ℓ arbitrary. We need to show that R t ⊆ S j . If x t ∈ X \ X j , then x t ∈ T j ⊆ S j . Otherwise, σ j (x t )/x t ∈ S j . Clearly, σ j (x t )/x t / ∈ M j T j and is not a zero divisor in S j because J * contains no zero divisors. In particular, σ j (x t )/x t is a unit in S j . It follows that x t /σ j (x t ) ∈ S j and since σ j (x t ) ∈ S j by induction, we see that x t ∈ S j as well. It follows that R[X] ⊆ S.
